We use the following notational conventions. Variables will be denoted by unbracketed symbols. For example, the density of a cube is given by p = A4L-3 where A4 is the mass of the cube and L the length of its edge. Dimensions will be denoted by symbols within brackets. For example, the dimensions of density are where [m] and [1] are the fundamental dimensions of mass and length. We use the symbol [l] to indicate the dimensions of a dimensionless variable; thus, for example
IN SEVERAL RECENT ARTICLES (64),Heusneraddressed the variation of metabolic rate with body mass. We believe that dimensional analysis was employed incorrectly in those papers and that the associated biological conclusions do not follow. In this article we shall 1) set out a correct statement of dimensional analysis, 2) delineate what dimensional analysis can and cannot say about the relation of metabolic rate to body mass, and 3) demonstrate specifically the incorrect steps in Heusner's articles.
Notation
We use the following notational conventions. Variables will be denoted by unbracketed symbols. For example, the density of a cube is given by p = A4L-3 where A4 is the mass of the cube and L the length of its edge. Dimensions will be denoted by symbols within brackets. For example, the dimensions of density are where [m] and [1] are the fundamental dimensions of mass and length. We use the symbol [l] to indicate the dimensions of a dimensionless variable; thus, for example WI = PI Dimensions are not numbers, despite being "multiplied" according to the familiar additive rule for exponents. An algebraic equation may be transformed into a dimensional equation simply by taking the dimensions of both sides. The reverse operation is not correct; removing brackets from a dimensional equation may lead to a false result, as the preceding equation illustrates.
The Dimensional Method
Dimensional consistency is among the most primit#ive attributes of scientific reasoning. Dimensional consistency requires merely that any equation describing a relationship between measurable quantities have common units of measure in all additive terms, regardless of the algebraic form or empirical context. This simple constraint sometimes has far-reaching consequences. Even when the functional form of the relationship among several observable quantities is unknown, the requirement of dimensional consist,ency can be used to reduce the number of variables in the problem by requiring t.hat some appear only in special combinations. In some cases this constraint determines the form that any underlying equation must take.
Requiring nothing more than dimensional consistency, what can be deduced concerning the relationship of body mass to energy metabolism in animals? To answer this question we follow the classical methods first described by Rayleigh (13) and formalized by Buckingham (2) . Complete accounts of dimensional analysis may be found in textbooks such as Bridgman's (I) or the articles of Stahl (15) . Recent perspect,ives are given by McMahon and Bonner (ll), Rosen (14) , and Prothero (12) .
The procedure can be outlined as follows. First, one postulates that a certain set of nl variables thoroughly characterizes the process. The analysis can be misleading if no such relation exists or if important variables are omitted; it can be unhelpful if irrelevant or redundant variables are included. Second, assuming an appropriate list has been assembled, one identifies the n2 fundamental dimensions that appear in the dimensions of the n1 the nl variables into a smaller number n, of dimensionless groups that are sufficient to characterize the process. The Buckingham K theorem (I) states that the list cannot be shortened by any more than n2, the number of fundamental dimensions; i.e., n, > nl -n2. Typically the list is shortened by exactly n2, so that n, = nl -n2.
It may turn out that n, = 1, in which case only one dimensionless group is sufficient to characterize the process. Denoting this group by zl, we may express the governing equation of the system as F(zl) = 0, the solution of which is z1 = constant. In this case only, a unique power law relates the variables constituting zl. If nT > 1, the governing equation has the form F(zl, . l .) = 0, and a power law will not necessarily govern the relation between any two particular variables. Table 1 with their associated dimensions (see APPEN-DIX A). Metabolic rate may depend on other intrinsically dimensionless variables such as aspect ratios (e.g., length/width), fractional distribution of volumes among tissue types, or adiabatic exponents. We do not include these explicitly because they do not contribute to the consistency of the dimensional dependence of W on our list of dimensioned variables.
Our list includes two dimensional constants, the acceleration of gravity g and the Boltzmann constant Fzg. These two quantities appear in the dynamic equations of motion and the thermodynamic equations of state satisfied by all animals and therefore, despite their numerical constancy, must be included in any list of relevant variables. Mass-specific enthalpy h
Emil-" Mass-specific heat
We may write the relationship among the variables of Table 1 . The x theorem states that n, E 12 -4 = 8; i.e., at least eight dimensionless groups may be required to characterize the process. In this case a sufficient list of eight groups can in fact be formed. Thus Eq. 1 can be reexpressed as where F2 is an unknown function of eight dimensionless groups zl, . e l , 28 yet to be specified. We have chosen the eight dimensionless groups listed in Table 2 . Although the choice is somewhat arbitrary, the groups have been selected to be amenable to physiological interpretation (see APPENDIX ES). Different sets of dimensionless groups could be readily formed by recombining the given groups.
To solve Eq. 2 for W as dependent variable, we have included in our list only one dimensionless group containing W. We choose W/M2/3h3/2p1/3 as that group, to be consistent with the choice of quantities by Heusner (6) (7) (8) . Equation 2 can then be rewritten without loss of generality as 
depends on several dimensionless groups, but it does not imply that w is proportional to the two-thirds power or These dimensional equations are incorrectly transformed any other power of body mass. It does not imply that a into algebraic equations as in Eqs. 4-7 above power-law relationship between w and A4 exists at all. XP = px-3 (9 ) a Xh = ii27-2 (false) (9b) Allometric Logic (false) (9c) In this section we shall retrace the dimensional arguments of Heusner (6) (7) (8) , noting incorrect deductions.
Combining Eq. 9 with the invariance conditions xp = Xh and equal body size! This example is summarized in (6) Table 3 . molecules, kg is the Boltzmann constant, and 8 is temperature. How does the pressure depend on the volume? It is clear that solving Eq. 11 for P yields a power-law dependence on V with exponent -1. This we call the intrinsic exponent of volume, when pressure is the dependent variable. This exponent can be deduced from dimensional analysis, given V, N, kB and 8 as independent variables, because in this case n, = 1. If N and 8 were held fixed, then an exponent of -1 would indeed be observed. However, -1 is not necessarily the exponent that one might observe in a given set of experiments. If the process were adiabatic with N constant, in which 8 varies with V in a particular way, then one would observe a scaling exponent of -7, where y is the ratio of specific heat at constant pressure to the specific heat at constant volume. Dimensional analysis can tell us certain things about intrinsic exponents, but without other information it cannot tell us how a particular variable will scale observationally.
An intrinsic exponent of two-thirds could arise in a similar fashion. Suppose that the only important variables contributing to energy metabolism were the animal's mass M, mass-specific enthalpy h, and density p. In this case n, = 1, and we could conclude that z1 = w/ M2/3h3$1/3 = constant; i.e., the intrinsic mass exponent for metabolism would be b = Z/3. An observable empirical mass exponent of two-thirds would follow from the further assumption (a reasonable one) that h and p remain constant as M varies. However, one could just as easily derive a variety of intrinsic mass exponents by selecting, in addition to M, certain pairs of variables other than h and p for metabolism to depend on. For example, P and g would yield an intrinsic exponent of b = 5/4, p and g would yield b = 7/6, P and D would yield b = l/5, and so forth. In each case it is reasonable to assume that the two pertinent variables are invariant among animals, so that the observed empirical mass exponent would be equal to the intrinsic exponent.
As far as dimensional reasoning goes, b need not exist at all. The preceding values arise only from the special case in which 'w depends, in addition to M, on only two other variables that do not contain a temperature dimension. If w depends on more variables, then on the basis of dimensional analysis one cannot say anything about the necessary behavior of 'w with mass. This is seen most clearly in the arbitrary nature of F3 in Eq. 3, which is not manifestly soluble for a unique intrinsic mass exponent as long as more than one dimensionless group is thermodynamically relevant.
We do not dispute that the empirical scaling exponent may be two-thirds in some classes of animals. The observation that in nature 'w is in fact close to a power dependence on M is intriguing and certainly carries important biological information, but such a relation does not follow from dimensional reasoning. The group z2 = (DT)1/2/(M/p)1/3 can be interpreted as the ratio of a diffusion boundary layer thickness to a physical length scale. The magnitude of such a quantity might be quite different in large vs. small animals, where the distance over which molecules diffuse may be a very different fraction of the pertinent physical dimension and hence demand a different energy cost of chemical transport.
The group z3 = Mg/ (M/P)~/~P can be interpreted as the ratio of the mechanical stress in body structures due to gravity to some other pressure or pressure difference of interest. This might be different in large vs. small animals or in aquatic vs. terrestrial mammals of the same body mass. We do not have a simple physical inter- 
